The implementation of many-body interactions is relevant in various areas of quantum information. We present a superconducting device that implements a strong and tunable three-body interaction between superconducting quantum bits, with vanishing two-body interactions and robustness against noise and circuit parameter variations. These properties are confirmed by calculations based on the Born-Oppenheimer approximation, a two-level model for the coupling circuit, and numerical diagonalization. This circuit behaves as an ideal computational basis ZZZ coupler in a simulated three-qubit quantum annealing experiment. This work will be relevant for advanced quantum annealing protocols and future developments of high-order many-body interactions in quantum computers and simulators.
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Many-body interactions can arise as mediated interactions from fundamental two-body couplings in various physical systems [1, 2] . In quantum information, manybody interactions are relevant for quantum error correction [3, 4] , complexity theory [5] , quantum thermodynamics [6] , quantum chemistry [7] , and quantum simulations [8, 9] . The implementation of suitable high-order many-body interactions for quantum information comes with unique challenges, due to the fact that these interactions have to be of comparable strength with and controlled independently from lower-order interactions.
The implementation of many-body interactions has been considered in various physical systems for quantum information including ion traps [10] , atoms in optical lattices [11, 12] , and cold polar molecules [13] . In superconducting circuits, high-order effective interactions between qubits can be made strong, due to the fact that the underlying two-body interactions are strong. High-order interactions have been analyzed for several types of superconducting qubits and coupler circuits [14] [15] [16] [17] [18] . Recently, there has been increased interest in many-qubit couplers for quantum annealers based on superconducting qubits. Proposals for engineered couplers for superconducting qubits that are suitable for quantum annealing include a three-body coupler circuit based on galvanic coupling [19] and four-body coupler circuits based on a single-loop interferometer device [20] or a more complex circuit with a symmetric susceptibility used to cancel effectively lowerorder interactions [21] . Other proposals rely on the use of ancilla qubits to reproduce the low-energy spectrum of many-body interactions, in the regime where the qubits have a Hamiltonian with negligible transverse terms in the basis of the interaction [22] . However, designing circuits that implement many-body interactions and have other desirable features, including large tunable interaction strength, independence of the biasing conditions for the coupled qubits, cancellation of lower-order interactions, low design complexity, and robustness to noise and parameter variations, is a challenging problem.
In this Letter, we propose and analyze a superconducting quantum circuit used to implement a three-body interaction between three superconducting flux qubits. Flux-type qubits are promising candidates for both quantum annealing [3, 23] and gate-based quantum computing [2] . The three-body coupler design that we propose is a relatively low-complexity circuit that combines strong tunable interactions of the order of 1 GHz, comparable to the qubit energy scales, effective cancellation of two-body terms, and robustness to noise and parameter variations.
Our proposed coupler device consists of two superconducting Josephson circuits, labeled "c1" and "c2" (see Fig. 1 ). Each of these circuits has a main superconducting loop, interrupted by two Josephson junctions which form a secondary loop. This circuit is referred to in other contexts as a tunable rf-SQUID [26] or a compound Josephson junction rf-SQUID [6] . The tunable rf-SQUID has the important property that the susceptibility, which is the relative change in current in the main loop due to a change in flux, can be controlled, in both sign and magnitude, by the magnetic fluxes applied to its two loops. Based on this property, a tunable rf-SQUID, operated either in the monostable [5, 29] or quantum bistable [3] regimes, can be used to mediate a tunable interaction between two flux qubits.
To achieve a strong three-body interaction, we employ the tunable rf-SQUID in the following way. We make the interaction between two qubits, each coupled to the rf-SQUID main loop, dependent on the state of a third qubit, coupled to the secondary loop, thereby generating an effective three-qubit interaction. However, in this coupler circuit based on only one tunable rf-SQUID, twobody interactions cannot be canceled or generally controlled independently from three-body interactions. To cancel the two-body interactions between qubits 1 and 2, we combine two rf-SQUIDs (circuits "c1" and "c2" in Fig. 1 ) in such a way that qubit "q1" generates fluxes of equal value and opposite sign in the loops of couplers "c1" and "c2", by adding a twist in the main loop of "c2". To cancel the two-body interactions between qubits 1 and 3, and 2 and 3, we symmetrically couple "q3" to both branches of the coupler secondary loops and we bias "c1" and "c2" at their main loop symmetry point, en- suring zero susceptibility to flux in the secondary loop. Thus, the sum of the two-body interactions vanishes due to symmetry of the coupling and susceptibilities, with the susceptibilities controlled by the flux biasing conditions.
We next consider the full circuit representation of the coupler device and the qubits. In what follows, we assume that the qubits are capacitively shunted flux qubits (CSFQ), which are considered in recent efforts related to coherent quantum annealing [3] . However, the analysis applies straightforwardly to other flux qubit variants. The complete Hamiltonian of the qubits and coupler system is
where H q i is the Hamiltonian of qubit i (i ∈ {1, 2, 3}), H c j is the Hamiltonian of rf-SQUID j (j ∈ {1, 2}), and H int is the interaction Hamiltonian. These Hamiltonians have the following form:
and
In Eqs. (2)- (4), the independent degrees of freedom are the phases γ αi for αi ∈ {q1, q2, q3, c1, c2} and ϕ for β ∈ {m,s1,s2} of all devices αi ∈ {q1, q2, q3, c1, c2} and the off-diagonal elements of which are the mutual inductances M i,j for i, j ∈ {1, 2} and M β i,3 for 1 ∈ {1, 2, 3} and β ∈ {s1,s2} between devices, and L 0 is the diagonal inductance matrix of the uncoupled system (equivalent to L with vanishing mutual inductance). Additionally, external bias magnetic fluxes f β α i thread each loop β ∈ {m,s}, of each device with αi ∈ {q1, q2, q3, c1, c2}, and we assign these to the three inductances L We first discuss the properties of the coupler using the Born-Oppenheimer approximation, which validates the intuitive picture for the three-body coupler based on rf-SQUID susceptibility. Since the tunable rf-SQUID circuits are designed to have a significantly larger energy gap between the ground and excited states (typical gap of 15 GHz) than the qubits (typical gap of 4 GHz), it is reasonable to apply the Born-Oppenheimer approximation [5, 15, 30] . This is done by replacing H with the effective qubit Hamiltonian
where
is the quantum ground state energy of is the persistent current in the main loop of qubit i. The persistent current is defined as the average of the magnitudes of the eigenvalues of the current operator represented in the basis of the two lowest energy states of each qubit. In terms of the binary qubit parameters, the energy is written as
where A 0 is an energy offset,h i are single qubit biases arising from screening currents in the coupler, J ij are two-body interactions, and J 123 is the 3-local coupling strength. We determine these coefficients by solving the linear system of equations given by Eq. 6 for the 8 different values of qubit variables [see supplementary information (SI)]. To calculate E
c (s 1 , s 2 , s 3 ) for each triplet of s i = ±1, we numerically diagonalize H c , using a representation in terms of the harmonic oscillator states for the quadratic part of the Hamiltonian. The three-body coupling strength J 123 is shown in Fig. 2 We discuss next a useful model for the coupler, in which each of the two tunable rf-SQUIDs is modeled as a two-level system. The two-level approximation is reasonable due to the large energy gap between the first and second excited states of each rf-SQUID. This simple model, in which both qubits and the coupling circuits are treated as spins, allows to obtain perturbative analytical expressions for the effective mediated interactions, giving additional insight into the valid parameter range of the coupler and on the required conditions for cancellation of two-body interactions.
In this spin model, the full Hamiltonian is
are the Hamiltonians for the qubits, coupler, and the interaction between them, respectively. To differentiate the spin model parameters, we use an over-bar and we use capital letters Q and C to denote qubits and coupling circuits. Here, σ We determine the relevant model parametersǭ αi and∆ αi for α ∈ {Q, C}, based on the properties of the lowest two energy eigenstates of each qubit/coupler unit (see SI). We assume weak direct qubit-coupler interaction,
freedom, and derive an effective Hamiltonian in the subspace of slow degrees of freedom of the qubits. The effective interaction is obtained by projecting the full time evolution operator (in the interaction picture) onto the ground state of the coupler. Following the perturbative procedure in Ref. [1] , we obtain the following effective qubit Hamiltonian:
In Eq. (11) Finally, in a compact form,J 123 = n m 0 c |H int P nHint P mHint |0 c / (ω 0,n ω 0,m ), where P a = |a c a c |, for a ∈ {n, m} are projection operators in the coupler subspace (see SI). Figure 2 showsJ 123 versus f s c j . The spin model predicts the cancellation of the two-body termJ 12 , and similarly of the other two-body interactions, for correct choice of bias conditions. These cancellation conditions are in agreement with our intuitive picture based on symmetries of coupling and susceptibilities.
To validate the above approximate treatments, we numerically compute the eigenstates of the complete Hamiltonian Eq. (1). We represent each non-periodic (periodic) degree of freedom of the Hamiltonian in a basis formed of harmonic oscillator (Fourier) states. Due to the complexity of the complete circuit, we proceed hierarchically by first diagonalizing each device separately. Then, keeping only the low-energy eigenstates of each device, we introduce the coupling between all devices and diagonalize the combined system in this low-energy basis to calculate the energy spectrum [32] . The two-body and three-body interactions are determined based on energy gaps at anticrossings in the numerically calculated spectrum (see SI for details).
The three-body interaction strengthJ 123 calculated based on the spin model is in excellent agreement with numerical results for the full circuit model for |f s c j | > 0.31, as shown in Fig. 2 . The disagreement for small values of |f s c j | is due to the increase in the ratioJ Qi,Cj /ω 0,1 , arising from both a decreasing energy gap of the rfSQUIDs and the increase in the qubit-rf-SQUID coupling. We also find good qualitative agreement between the Born-Oppenheimer method and the numerical calculations. However, the pronounced quantitative disagreement for |f s c j | < 0.31 between the two methods can be attributed to the breakdown of the Born-Oppenheimer approximation in the region of decreasing energy gap of the rf-SQUID [15] .
An important feature for a superconducting coupler is robustness to low-frequency flux noise [33] . We assume Gaussian flux noise with the power spectral density As a result, we do not expect the coupler to induce significant dephasing of the qubit. These small spreads in parameters ensures that the correct solution is found at the end of the computation [36] .
Besides robustness to flux noise, the coupler should be functional when variations in fabrication parameters are taken into account. To validate robustness to errors in junction critical currents and self and mutual inductances, we extracted the effective qubit Hamiltonian over a normal distribution of parameter variations, with standard deviation of 3% of the nominal values. We find that inductance variations in the secondary loop have a negligible effect on the two-and three-body coupling strengths. However, main loop self inductance and junction asymmetry significantly affects the values of the J ij , but cancellation conditions for two-body terms, to within 10 MHz, can be recovered by suitable compensations of the bias fluxes (see SI). When implementing this coupler in a quantum annealing context, an important metric is the extent to which the coupler emulates the spectrum of an ideal spin Hamiltonian. In quantum annealing [37] , one seeks to prepare the ground state of a Hamiltonian that encodes the solution to a computational problem. The solution is found by initializing the computation in the ground state of a trivial Hamiltonian, followed by adiabatically transforming this Hamiltonian into the Hamiltonian of interest. We consider an annealing schedule with an initial Hamiltonian given by the standard transverse field Hamiltonian and a final Hamiltonian given by a three-body interaction:
where s is the annealing parameter, changing from 0 to 1. Figure 3 shows the energy levels of the Hamiltonian Eq. (12) and of the complete circuit, including the three body coupler, where we have used ∆ i = 1.22 GHz and J 123 = 0.8 GHz (see SI). We find excellent agreement between the energy spectra in the two cases, and in particular the physical system correctly preserves the degeneracy of the ideal spin Hamiltonian. We also have that the lowest 8 qubit-like energy levels of the complete circuit are well separated from the higher levels (gap of approximately 8 GHz). We proposed and analyzed a three-local coupler for superconducting flux qubits. This coupler is sign and magnitude tunable, allows for cancellation of two-body interactions, and is robust against noise and fabrication parameter variations. A system formed of three qubits and the coupler has the correct spectral properties of an ideal spin Hamiltonian. The analysis presented in this work will be relevant in designing the next generation of quantum annealing hardware which will have capabilities in increased embedding efficiency for problems that include three-body terms, in quantum annealing error correction and quantum simulations.
We Supplementary Information: Tunable three-body coupler for superconducting flux qubits
I. BORN-OPPENHEIMER INVERSION METHOD TO EXTRACT COUPLING STRENGTH
The interaction coefficients in Eq. (6) of the main text, A 0 ,h i ,J ij , andJ 123 are found by numerically calculating the ground state energy of the coupler Hamiltonian for all eight configurations of the binary qubit variables. These eight energies are related to the coupling coefficients as 
with
CoefficientsÃ 0 ,h i ,J ij , andJ 123 are found by inverting the system of equations (S1).
II. EXTRACTING COUPLING STRENGTH FROM AVOIDED LEVEL CROSSING
To determine the strength of the three-body interaction mediated by the coupler based on circuit simulations, the following approach is used. Qubit flux biasing parameters are chosen to have∆ Q1 =∆ Q2 and ∆ Q3 =∆ Q1 +∆ Q2 . For this bias condition, the spectrum of the complete circuit Hamiltonian [Eq. (1) avoided level crossing arises due to the ZZZ interaction. This coupling results in a mutual repulsion between the levels. Calculating the minimum spacing between these two avoided levels gives 2 |J 123 |. Figure S1 illustrates this procedure. An alternative method to calculate the coupling relies on choosing biasing conditions for the qubits such that ∆ Q1 =∆ Q2 =∆ Q3 andǭ Q1 =ǭ Q2 =ǭ Q3 = 0. If the coupler is biased such that it is mediating a pure threebody interaction, that isǭ ′ Qi = 0 andJ ij = 0, the 8-lowest energy levels of the circuit will form two four-fold degenerate subspaces. These two subspacces correspond to even and odd parity of the qubit currents states, i.e. the even states are |↑↑↑ , |↑↓↓ , |↓↓↑ and |↓↑↓ and the odd states are |↓↓↓ , |↑↑↓ , |↓↑↑ and |↑↓↑ . These two subspaces are coupled by the ZZZ operator. Calculating the energy separation between these two subspaces gives 2 |J 123 |. This method was used to extract the coupling strength in Fig. 2 in the main text.
III. SPIN MODEL A. Correspondence Between Circuit Parameters and Spin Parameters
The spin model for the coupled system presented in the main text is schematicized in Fig. S2 . To obtain the correspondence between the circuit parameters and the spin parameters, we numerically diagonalize the circuit Hamiltonian of each isolated qubit or coupler at each bias point. Then, we take the two lowest energy states as the spin subspace of each device.
The excitation energy at each bias point is defined as the difference between the ground state energy and the first excited state energy, written as For any qubit or coupler, the energy bias spin parameter ǫ α i , is taken to bē
For any qubit or coupler, the transverse field spin parameter∆ α i is taken to bē
For any qubit -coupler pair, the direct 2-body interaction strength spin parameterJ Qi,Cj is
and 
B. Effective Hamiltonian in the Spin Model
We briefly outline the procedure used to obtain the effective qubit-qubit Hamiltonian shown in Eq. (11) in the main text. We consider the spin Hamiltonian in Eq. (7) of the main textH
We assume the interaction to be weak; specifically, we assume 0 c |H int |0 c /ω 0,1 ≪ 1, where ω 0,1 is the coupler excitation energy and |0 c represents the ground state of the coupler. The time evolution operator in the interaction picture is
where T specifies the time ordering. The effective coupling between the qubits can be found by projecting the full time evolution operator onto the ground state of the coupler, |0 c . The effective propagator is given bȳ U eff (t, 0) ≡ 0 c |Ū (t, 0) |0 c
The effective qubit Hamiltonian is found by expandinḡ U eff (t, 0) perturbatively up to third order [S1] . Applying the procedure from Eqs. (S8-S10) to the the spin model Hamiltonian in Eq. (7) of the main text, we obtain the effective Hamiltonian in the spin picture shown in Eq. (11) in the main text.
The first order correction term to the qubit bias is given byǭ 
whereV 0,n is as defined in the main text. Similar expressions can be written for tunneling elements for qubits 2 and 3. Two body couplingsJ 1,3 andJ 2,3 between qubits 1 and 3, and 2 and 3 are given bȳ 
The conditions for cancellation of the two-body interactions between qubits 1 and 3, and 2 and 3 areĀJ Q1,C1JQ3,C2 = −Ā ′J Q3,C1JQ1,C2 and AJ Q2,C1JQ3,C2 = −Ā ′J Q3,C1JQ2,C2 . The effective
